This work focuses on an investigation of the (n + 1)−dimensional timedependent fractional Schrödinger type equation. In the early part of the paper, the wave function is obtained using Laplace and Fourier transform methods and a symbolic operational form of the solutions in terms of Mittag-Leffler functions is provided. We present an expression for the wave function and for the quantum mechanical probability density. We introduce a numerical method to solve the case where the space component has dimension two. Stability conditions for the numerical scheme are obtained.
Introduction
The use of fractional calculus in mathematical modelling has become popular in recent years. In particular, fractional differential equations have attracted a considerable interest due to the possibility of obtaining more accurate models for physical phenomena. For example, the one-dimensioc 2013 Diogenes Co., Sofia pp. 454-468 , DOI: 10.2478/s13540-013-0028-5 nal time-fractional diffusion-wave equation [1, 13] , the fractional telegraph equation [5] and the multi-dimensional fractional Schrödinger equation [14] have all provided effective models. We draw attention also to the important work of Francesco Mainardi (see for example the recent works [6, 11] ) to whom this paper is dedicated.
One of the most important partial differential equations in Mathematical Physics is the Schrödinger equation, which has the mathematical appearance of a diffusion equation and can be derived by considering probability density distributions. Feynman and Hibbs used a Gaussian probability distribution in the space of all possible paths for a quantum mechanical particle, to deduce the Schrödinger equation. In a sequence of papers ( [8] , [9] , [10] ) Laskin constructed space-fractional quantum mechanics. This was done by introducing different types of Schrödinger equation for non-Gaussian distributions. Correspondingly, a time fractional Schrödinger equation is obtained if one considers the problem of non-Markovian evolution. Laskin was able to show that the fractional Hamiltonian was Hermitian and that parity is conserved. Energy levels could also be computed for the hydrogen atom and harmonic oscillator.
In [12] Naber deals with the time fractional Schrödinger equation which was found to be equivalent to the usual Schrödinger equation but with a Hamiltonian that was time dependent and nonlocal in time.
In our work we are interested in studying, from a mathematical point of view, the mixed equation with space and time fractional derivatives, i.e., the equation (3.1) (see below) which we will call a space-time fractional Schrödinger type equation. We recognise the limitations of this formulation of the problem from a physical standpoint.
The present paper is structured as follows: in the preliminaries we recall necessary results of fractional calculus. In the next section we present some results regarding the fractional space-time Schrödinger type equations, where two fractional parameters are involved simultaneously and consider the n−dimensional case in the space coordinate. In the last section we introduce a numerical method of spatial dimension two for the fractional equation studied in the previous section and for the particular case of n = 2 we present a finite difference scheme and study its stability.
Fractional calculus
In this section we recall some results about fractional calculus which will be used below. In what follows n = [β] + 1 for β / ∈ N 0 and n = β for β ∈ N 0 . The results provide useful formulations for the Riemann-Liouville and Caputo fractional derivatives and for the Laplace transform of a Caputo derivative. 
We remark that fractional derivatives (2.1) satisfy the following relation
where the Riemann-Liouville fractional derivative is given by
It is easy to calculate that If β / ∈ N 0 and n = [β] + 1, then [7] (I
Then the following relation holds
(L C D α 0 + v)(s) = s α (Lv)(s) − n−1 k=0 s α−k−1 v (k) (0).
Fractional (n + 1)−dimensional Schrödinger type equation
In this section, we present some results related to the multi-dimensional space-time fractional Schrödinger type equation. Consider the n−dimensional space-time fractional Schrodinger equation
where
is the Planck constant divided by 2π, m is the mass and
is a wave function of the particle. In what follows the constant 2m will be denoted by c.
In [14] , equation (3.1) was solved under the following initial and boundary conditions
The results obtained were presented in the following 
where G α,β (t, ξ) denotes the corresponding Green function
4)
where t > 0 and ξ ∈ R n .
Considering the particular case of β = 2 (see [14] ), the wave solution is given by 5) and the corresponding quantum mechanical probability density is given as
Numerical method of two spatial dimension for the fractional Schrödinger type equation
In this section, we present a numerical method for solving the 2−dimensional space-time fractional Schrödinger equation
3), we see that the system (4.1) -(4.3) is equivalent to
where the Taylor expansions are defined by
Now we will approximate the Riemann-Liouville derivative R D γ a+ x(t), 0 ≤ t ≤ 1 at a particular time point, where 0 ≤ γ < 2. We first consider the case for 0 ≤ γ < 1 and recall that
Following the arguments in Elliott [4] , we have
where the integral must be interpreted as a Hadamard finite-part integral. We derive here, for illustration, the formula (4.7). To do this, we first recall that the Hadamard finite-part integral
Based on this, the Hadamard finite-part integral
From the Taylor series expansion of x(u) at the point t, we have
On the other hand, integrating by parts
Combining the previous estimates we get (4.7).
Now we consider the discretisation of the fractional derivative. For a given n, introducing an equispaced grid t j = j n , j = 1, 2, . . . , n, on the interval [0, 1], we have
with 0 ≤ γ < 1. For every j, we divide the integral into j parts,
. . , j − 1, we use the linear Lagrange interpolation polynomial g 1 (w) ≈ g(w). Then we obtain
with remainder term R 0j [g], as proposed in [3] . The explicit expressions for the weights α kj are given in the following lemma.
Lemma 4.1. (c.f. [3] ) Assume that 0 ≤ γ < 1. For the weight α kj of the quadrature formula (4.9) with j ≥ 1, we have
Thus we can obtain the approximation formula for (4.8) when 0 ≤ γ <1. Now, consider how to approximate the Riemann-Liouville derivative R D γ a+ x(t), 0 ≤ t ≤ 1 at a particular time point for 1 ≤ γ < 2. In this case, we have
(4.10)
Based on [2] , we may interchange differentiation and integration in (4.6) to obtain
where now the integral must be interpreted as a Hadamard finite-part integral. Thus,
with 1 ≤ γ < 2. For every j, we replace the integral by a first-degree compound quadrature formula with equispaced nodes 0, 
Finite difference scheme
Here the weights are:
Denote U m n,l ≈ u(t m , x n , y l ) as the approximation of the exact solution u(t m , x n , y l ). We can define the following finite difference scheme i 2m
Here U m n,l for n, m = 1, 2, 3, . . . , can be obtained explicitly by using the initial values
Stability of the finite difference scheme
In this subsection we will consider the stability of the numerical method (4.13).
Theorem 4.1. Let t 0 < t 1 < · · · < t m < · · · < t M = T 0 be the time partition and Δt be the time step. Let 
and the matrices B and A are introduced as below.
where for each k = 1, . . . , M and j = 1, . . . , N, the matrix
Analogously, we define
Then (4.13) can be written in the following matrix form i 2m And similarly, we can define Now we use the Picard iteration to find the solution of (4.19). Let Thus the condition (4.22) is equivalent to
which is (4.15).
The proof of Theorem 4.1 is complete. 2
